We propose an exact method for locating the zeros of the Jost function for analytic potentials in the complex momentum-plane. We further extend the method to the complex angular-momentum plane to provide the Regge trajectories. It is shown, by using several examples, that highly accurate results for extremely wide as well as for extremely narrow resonances with or without the presence of the Coulomb interaction can be obtained.
I. INTRODUCTION
Much effort has been devoted in the past to develop methods to calculate the energies and widths of resonances in the potential scattering theory. A comprehensive survey of this subject can be found in Ref. [1] . These methods can be divided into two categories. The first one is based on methods traditionally employed for real energies where one can locate the position of relatively narrow resonances with a sufficiently high accuracy, but has many difficulties in determining their widths and usually fails for broad resonances. In the second one the calculations are performed at complex energies, and therefore the widths and resonant energies are obtained simultaneously.
The complex methods have the advantage that the calculations are based on a rigorous definition of resonances, namely, as singularities of the S-matrix. Thus, in addition to the information about the resonances themselves, they provide us with information about the analytic properties of the S-matrix and the off-shell properties of the underlying interaction. However, the existing complex-energy methods are much more complicated than those of the first group and require sophisticated mathematical and computational methods to handle them.
Usually, the complex methods are referred to as the "direct calculation approaches", but very often with the quotation marks [2] because most of them are based on an expansion of the resonant wave function in terms of square integrable functions and the subsequent determination of the expansion coefficients either by a diagonalization of the non-Hermitian Hamiltonian or by a variational procedure.
The method we present here formally belongs to the second group i.e., to the complexenergy methods. It is based on exact differential equations for functions closely related to the Jost solutions and which coincide with the Jost functions at large distances [3] [4] [5] . Unlike the existing methods, it is simple in applications and although it exploits the idea of the complex rotation of the coordinates, it is different from the traditionally used complex dilation methods in that it does not employ expansion or variational procedures. Instead, the Jost function at a complex energy is obtained directly from exact equations equivalent to the Schrödinger equation.
To demonstrate the effectiveness and accuracy of our approach, we performed calculations using potentials previously employed by other authors [6] [7] [8] [9] . We not only located the resonances cited by them but also find sequences of Jost function zeros corresponding to broad and extremely narrow resonances which were not considered or missed in the aforementioned references.
In addition to the location of zeros in the complex k-plane, the present method enables us to locate the zeros of Jost functions in the complex angular momentum plane. We demonstrated this by locating the zeros, known as Regge poles, representing resonances in the complex ℓ-plane.
The paper is organized as follows. In Sec. II our formalism is presented, while Sec. III is devoted to the boundary conditions. In Sec. IV the method is applied to several examples and the results obtained are discussed and compared with those obtained by other methods.
II. BASIC EQUATIONS
Consider the one-channel problem of two, generally charged, particles. Appart from the Coulomb force, we assume that these particles interact via a central potential V (r) having the properties
and lim r→∞ rV (r) = 0 .
The radial Schrödinger equation reads (h = 1)
The regular solutions Φ ℓ (k, r), for any complex k = 0 and complex ℓ in the half-plane Re ℓ > −1/2, are defined by the boundary condition
where F ℓ (η, kr) is the regular Coulomb function [10] .
In contrast to Φ ℓ (k, r), the physical solutions (bound, scattering, and Siegert states) are defined by their behaviour at large distances. However, they all are regular at r = 0 and thus proportional to Φ ℓ (k, r). Therefore, once the function Φ ℓ (k, r) is determined at all complex momenta k, it represents, in a most general form, all solutions of physical interest of Eq. (3) since any physical solution at specific values of k can be obtained from it merely by multiplying Φ ℓ (k, r) by the proper normalization constant.
At large distances Φ ℓ (k, r) can be written as a linear combination
The functions H (±) ℓ (η, z) are defined in terms of the regular F ℓ (η, z) and irregular G ℓ (η, z) Coulomb functions [10, 11, 15] ),
and have the asymptotic behaviour,
For neutral particles or high energies where the Sommerfeld parameter η → 0, the Coulomb functions reduce to the Riccati-Bessel, Riccati-Neumann, and Riccati-Hankel functions [10] , i.e.,
The momentum-dependent coefficients in the above linear combination, Eq. (5), are the Jost functions which are analytical for all complex k of physical interest and for Re ℓ > −1/2. The last restriction on ℓ stems from the fact that at Re ℓ = −1/2 the role of F ℓ (η, z) and G ℓ (η, z), of being regular and irregular at the origin, is interchanged [11] .
For integer (physical) ℓ the Jost function has zeros at a discrete sequence of points k 0i , i = 1, 2, 3, · · · , situated either on the imaginary axis of the k-plane or under the real axis. At these points only the first term in the asymptotic form (5) survives, corresponding to either a bound (Im k > 0) or a Siegert (Im k < 0) state behaviour for large r.
On the other hand, for real values of k 2 (physical energies), the function f ℓ (η, k) can have zeros at complex ℓ which move, with increasing k 2 , along the so-called Regge trajectories which define families of bound and resonant states [11] . Therefore, when the Jost function is known at all complex values of k and at all permissible values of ℓ, it contains all information and characteristics of the spectrum of the underlying physical system. In Ref. [5] we proposed a method for a direct calculation of the Jost function for any complex momentum of physical interest. In this approach we use a combination of the variableconstant [12] and the complex coordinate-rotation [13] methods to solve the Schrödinger equation (3) in an efficient and accurate way without resorting to any approximation, expansion, or to variational (stabilization) procedures. For this, we perform a complex rotation of the coordinate r r = x exp(iθ),
in the Schrödinger equation (3) and look for a solution in the form
where
ℓ (η, k, x, θ) are new unknown functions (variable constants) which at large x become, according to Eq. (5), true constants. In this way the initial value problem, defined by Eqs. (3) and (4), reduces to the following first-order coupled differential equations
with the simple boundary conditions
which follow immediately from Eqs. (4), (6) , and (9).
In Ref. [5] it was proved that if the potential obeys the conditions (1) and (2), with complex r defined by (8) , then for all complex k situated above the dividing line |k| exp(−iθ) and for x → ∞, the function F (−) ℓ (η, k, x, θ) has a θ-independent limit which coincides with the Jost function, i.e.,
while the function F
The proof was based on the asymptotic behaviour of the functions H (±) ℓ (η, kr) at large r, and can be generalized to include the complex angular momentum ℓ as well. This generalization is straightforward since the angular momentum appears only in the phase factor of the asymptotic form, Eq. (7), and therefore for a complex ℓ the functions F (±) ℓ (η, k, x, θ) at large x have the same behaviour and the asymptotic relation (13) is also valid.
Thus, the procedure of calculating the Jost function is very simple since for any fixed pair of k and ℓ we only need to solve the system of first-order differential equations (10) and (11) from x = 0 to some x max where F (−) ℓ (η, k, x, θ) attains a constant value (usually, x max is the range of the potential V ). According to Eq. (13), this constant is just the Jost function f ℓ (η, k) we are looking for. Simultaneously, as a bonus, we obtain the exact wave function in the form of Eq. (9) having the correct asymptotic behaviour. Depending on the choice of the momentum k, it can be a bound, scattering, or a Siegert state wave function (rotated when θ > 0).
The resonances in a specific region of complex k can be easily located by taking the rotation angle θ large enough to cover this region and then search for zeros of the Jost function. The zeros in the complex ℓ-plane can be similarly located with θ = 0.
We emphasize that this method is exact. Although we employ the complex rotation, we do not need any stabilization procedure. This has been demonstrated in Ref. [5] where we employed an analytically solvable model and showed that Eqs. (10) and (11) give at least 5-digit accuracy for the Jost function in a wide area of complex k despite the fact that the simplest Runge-Kutta method of integration was used.
III. BOUNDARY CONDITIONS A. Short distances
Formally, we have to start the integration of Eqs. (10) and (11) from x = 0. However, for ℓ = 0 the functions H (±) ℓ (η, kr) are irregular, i.e., at the origin they behave as [14] 
In Ref. [5] it was shown that the corresponding singularities at x = 0 in the above differential equations (10) and (11) are integrable when the condition (1) is fulfilled. Thus, there is no problem from a formal point of view. However, in practical calculations we cannot start from x = 0 and therefore we have to shift the initial point to some small value x min . Thus, to implement the boundary conditions, we need to know F
There are several ways to circumvent this problem. One of them consists in transforming the differential equations, Eqs. (10) and (11), into an equivalent pair of integral Volterratype equations, viz.,
where Φ ℓ (k, r) is defined by Eq. (9) . We can solve these integral equations in the interval [0, x min ] iteratively as follows:
. . .
and then integrate the differential equations starting from the value of F
For small values of x min the above iteration procedure converges very fast. Moreover, in implementing the method we found that if Re ℓ is small (∼ 1), then a surprisingly high accuracy (better than 7-digits) can be achieved even with the lowest order iteration, Eq. (15). For higher values of Re ℓ, however, the use of these simple boundary conditions could result in numerical instabilities. This is due to the ansatz (9) which is suitable for large distances, but is not good in the vicinity of r = 0. Indeed, near this point the function Φ ℓ (k, r), by its definition, is regular and therefore the singularities of H (+) ℓ (η, kr) and H (−) ℓ (η, kr) are cancelled. This is secured by the boundary conditions (12) . In numerical calculations, however, the cancellation of singularities is always a precarious procedure and a source of possible numerical errors. These errors increase with increasing Re ℓ since in this case H (±) ℓ (η, kr) is more singular. Therefore, the greater Re ℓ is the further the point x min must be shifted from the origin in order to avoid cancellation errors. This shift in turn, requires more iterations of Eq. (14) to obtain the boundary values F (±) ℓ (η, k, x min , θ) to a required accuracy.
Another way to handle the boundary condition problem is to replace at short distances the ansatz (9) by a more suitable one. Indeed, this ansatz was motivated by the variable constant method [12] , i.e. we looked for a solution of Eq. (3) in the form of a linear combination of its two independent solutions H (+) ℓ and H (−) ℓ corresponding to V (r) ≡ 0. When the potential is taken into account, the coefficients of this combination are r-dependent and obey the Eqs. (10) and (11). Thus, instead of H (±) ℓ (η, kr) we can choose another pair of linearly independent solutions, namely, F ℓ (η, kr) and G ℓ (η, kr), and the new ansatz reads
Since (9) and (16) are merely different representations of the same function, we have
and the equations for the functions A ℓ (η, k, x, θ) and B ℓ (η, k, x, θ) are
The corresponding boundary conditions,
follow immediately from (12) and (17).
In other words, we have two equivalent pairs of equations, Eqs. (10) and (11) and (18) and (19) , defining the same function Φ ℓ (k, r) in its two different representations (9) and (16) . Computationally it is easier to start the integration of equations (18) and (19) at x min and continue it up to some intermediate point x int (not necessary small), and then to integrate the equations (10) and (11) Similarly to equations (10) and (11) the differential equations for A ℓ (η, k, x, θ) and B ℓ (η, k, x, θ) can be transformed into integral Volterra-type equations,
where Φ ℓ (k, r) is defined by Eq. (16) . Iterations of these integral equations can also be used to obtain corrections, if necessary, to the simplest form of the boundary conditions, namely,
B. Large distances
The behaviour of Φ ℓ (k, r) at large distance, is determined by the functions H (±) ℓ (η, kr). Therefore, the correct asymptotic form is automatically secured.
Indeed, suppose we have found on the positive imaginary axis of the k-plane a value k 0 for which F (−) ℓ (η, k 0 , x max , 0) = 0 (when Im k ≥ 0 we can always put θ = 0), i.e., we located a zero of the Jost function corresponding to a bound state. The physical bound state wave function is then given by, ϕ bound ℓ
and differs from Φ ℓ (k 0 , r) only by a normalization factor N which can, in principle, be found along with Φ ℓ (k 0 , r) in terms of the Jost function and its derivative [15, 16] , or simply from the normalization integral. At large r only the first term of Eq. (9) survives, i.e.,
Obviously, in this expression the exponentially decaying tail of the bound state wave function is presented in an exact form.
For scattering states (real positive k), the asymptotic form of Φ ℓ (k, r) contains both terms of Eq. (9),
where the functions H (±) ℓ (η, kr) represent the incoming and outgoing spherical waves (again in the exact form). The scattering wave function, ϕ scatt ℓ, k (r), differs from Φ ℓ (k, r) only by a constant factor, viz.,
where we assumed that the scattering states |Ψ scatt k are normalized according to
and expanded in partial waves as follows:
For the Siegert states, corresponding to zeros of F (−)
ℓ (η, k, x max , θ) in the lower half of the k-plane, we have the same kind of asymptotic behaviour as in Φ ℓ (k 0 , r) given by Eq. (24) but in this case θ > 0, and therefore such states can be treated and normalized similarly to bound states [2] .
In summary, the representation (16) secures the proper behaviour of Φ ℓ (k, r) at short distances, while the representation (9) guarantees its correct behaviour at large r. The use of these representations enables us to achieve high accuracy in the solution of Eq. (3) at all complex values of k.
IV. NUMERICAL EXAMPLES
In order to demonstrate the ability and accuracy of the proposed method, we chose two simple potentials previously used in Refs. [6] [7] [8] [9] . This choice is further motivated by the richness of the spectra generated by these potentials and by their simple form. And, as we found, their spectra include very wide as well as extremely narrow resonances which are difficult to locate with most of the existing methods. Thus they are ideally suited as testing cases.
In atomic units [17] , these potentials have the following form V 1 (r) = 7.5r 2 exp(−r) + z r and V 2 (r) = 5 exp −0.25(r − 3.5) 2 − 8 exp −0.2r 2 .
The reader not accustomed to the atomic units, may assume that the above potentials are given in MeV and the distances in fm. In such a caseh 2 /2m = 1/2 MeV fm 2 while the Sommerfeld parameter is given by η = z/k. Then the numerical values of the resonance energies are the same and independent of the unit used (MeV or atomic units a.u.). In what follows, in order to avoid possible misunderstanding, we will use the MeV-fm units. We note that V 1 (r) is a good case to test the ability of the method to deal with interactions having a Coulomb tail. Similarly to Ref. [9] we assumed that the Coulomb part is attractive with z = −1. In order to compare our results with those given in Refs. [6] [7] [8] , we also performed calculations with z = 0.
To locate zeros of the Jost function in the complex k-plane as well as in the complex ℓ-plane, we searched for minima of its modulus, |F (−) ℓ (η, k, x max , θ)|, considered as a function of two variables, either Re k and Im k or Re ℓ and Im ℓ. This is based on the so called maximum modulus principle for a complex-valued function [18] . According to this principle, when a function f (z) is holomorphic and not constant in a region D of the complex plane, |f (z)| can never attain its maximum in the interior of D but only on the boundary of D. Therefore the minima of |f (z)| must coincide with the zeros of f (z). Indeed, assuming that |f (z)| has a minimum at z = z 0 inside the area D and f (z 0 ) = 0 then around the point z 0 the function 1/f (z) is holomorphic and has a maximum inside an area, which contradicts the maximum modulus principle. Thus, if a minimum of |f (z)| is found, it must be the zero of f (z).
The located zeros of the Jost function in the fourth quadrant of the complex k-plane for the potential V 1 (r) for the ℓ = 0 partial wave, and the corresponding resonance energies and widths are presented in Table I together with the results of Refs. [6] [7] [8] [9] . Our calculations have been performed with the simplest boundary condition (23). This was sufficient to achieve an accuracy of at least 9 digits. This is checked by changing the rotation angle θ since the Jost function must be θ-independent. We note that only few S-wave resonances are presented although many more were located. The reason is that this potential has been used earlier by several authors (but only for the case ℓ = 0) and thus we employed it in order to compare our results with those of Refs. [6] [7] [8] [9] . The sequence of the S-wave resonant zeros continues downwards in the complex k-plane. This behaviour can be seen in Fig. 1 where these zeros are plotted. A similar behaviour was also found for resonances of higher partial waves. In these cases, however, the first few zeros of the sequences are closer to the real axis (which means that they have a smaller width). The same trends were found for the resonances of the potential V 2 (r) which generates a richer spectrum.
Comparison with the other calculations for the potential V 1 (r) shows (see Table I ) that only the "direct" (dilatation) method of Ref. [6] gives an accuracy which is comparable with ours. In that reference, the 5-digit accuracy was achieved by using over 40 exponentially decreasing functions in the expansion of the rotated Siegert state. In contrast a 9-digits accuracy is achieved by our method without any exertion and, if neccessary, can easily be improved. Such an improvement is of crucial importance when one deals with extremely narrow resonances. When the width of a resonance is 7 orders of magnitude less than its energy, one needs at least a 7-digit accuracy to be able to discern it.
Another extreme situation is the case of very broad resonances, i.e., when the Jost function zeros are situated far below the real axis. As can be seen in Table I , even for the first resonance (E 0 = 3.426390331 MeV, Γ = 0.025548962 MeV) only a third digit accuracy in the width has been achieved by the "real-energy methods" of Refs. [7, 8] and by the "semicomplex method" of Ref. [9] while the next, moderately broad, resonance (E 0 = 4.834806841 MeV, Γ = 2.235753338 MeV), is already beyond their resolution.
The "real-energy methods" of Refs. [7, 8] consider eigenenergies of a system enclosed in a box. These eigenenergies are moving together with the change of the radius of the box, generating the so-called quasi-crossings at resonance energies. The width of a resonance is determined by the breadth of the quasi-crossing. Such an approach exploits the physical idea that the resonant states, are only slightly affected by variations of the radius of the box, in contrast to the spurious states that emerge in the box. It seems, however, that this idea is not suitable for broad resonant states. Indeed, in Fig. 1 of Ref. [7] and Fig. 1 of Ref. [8] , presenting the box eigenenergies, no traces of the the second quasi-crossing of the S-wave resonance at E = 4.834806841 MeV or of the third at E = 5.277279780 MeV can be found.
It is claimed that broad resonances are unimportant and thus the inability of a method to describe them is a minor drawback. However, in certain physical systems, broad resonances play a significant role. An example is the S 11 (1535) resonance of the interaction of the η-meson with a nucleon which lies 48 MeV above the threshold while its width is 150 MeV [19] . Nevertheless it prescribes the dynamics of the η-meson interaction with nuclei. In particular, due to this resonanance, certain η-nucleus systems can have quasi-bound states [20] .
One of the advantages of the exact method presented in this work, is that bound, scattering, and resonant states can be treated in a uniform way regardless of their width. All spectral points can be located with the same accuracy irrespective of their location on the complex k-plane. This is exemplified by the spectral analysis of the potential V 2 (r). Sequences of the bound and resonant states generated by this potential are given in Tables II  and III . The S-and P -wave sequences are also shown in Fig. 2 .
The S-wave states, generated by the potential V 2 (r), were previously considered in Ref. [7] , where only the first two resonances were found. As can be seen in Table II , the sphericalbox method of Ref. [7] provides the position of the first (narrow) resonance fairly well. However, the width is obtained only to two correct digits. For the second resonance, which is broader than the first one, the accuracy for the energy evaluation is down to 3 digits and for the width just to 1 digit. The other resonances of the S-wave sequence, presented in Table  II , were not obtained with the box-method.
The accuracy of the present method is determined by the accuracy of solution of the differential equations. By choosing the tollerance to be small enough we can locate practically all resonances. Two remarkable examples of extremely narrow resonances, generated by the potential V 2 (r), are the one found for the P -wave at E 0 = 0.807634844 MeV (Γ = 0.110 × 10 −6 MeV) and the other for the F -wave at E 0 = 1.009031953 MeV (Γ = 0.46 × 10 −7 MeV) and are parts of the sequences presented in Table III . If the attraction of the potential is slightly increased, these extremely narrow resonances become bound states in the P and F partial waves.
Some of the Jost-function zeros found in the complex ℓ-plane are given in Tables IV and V. The corresponding Regge trajectories are depicted in Fig. 3 . Each trajectory begins from an S-wave spectral state. The first one begins from the ground state and passes via the lowest states of each partial wave. When the energy is negative, the trajectory lies on the real axis, while at positive energies it gradually goes upwards. We note that the width of a narrow resonance can, in principle, be found via Im ℓ which corresponds to an integer value of Re ℓ. However, the relation between Γ and Im ℓ involves also the derivative of the trajectory [16] .
The Regge trajectories, can provide us with a useful information on the spectrum of the physical system. They combine bound and resonant states in families and therefore in calculating such trajectories, we can find out at which energies and in which partial waves resonances must exist. Furthermore, the Regge trajectories give us a general insight into the spectrum of the Hamiltonian under consideration. For example, we can state that the F -wave resonance at E = 1.009031953 MeV is the narrowest one for the potential V 2 (r). This follows from the fact that this resonance belongs to the lowest Regge trajectory and is the first on it.
In conclusion, the method we present in this article, enables us to locate the zeros of the Jost function in the complex k-plane and to calculate the Regge trajectories in the complex ℓ-plane in a simple, efficient, and extremely accurate way. To the best of our knowledge, no other method achieved such a performance in the past. Since it is based on exact equations, the method simultaneously provide us with the corresponding wave functions of the spectral states.
As a final note we mention that the method can be easily generalized to treat the coupled channel problems having the same angular momentum. In such a case we replace the potential and the functions F (±) ℓ (η, k, x, θ) by matrices and the spectrum is then defined by the zeros of the Jost-matrix determinant. Channels of different angular momenta can also be treated in the same manner, but this requires a more elaborate treatment of the boundary conditions at x = 0 since some off-diagonal elements of the matrices F (±) ℓ for different ℓ may be singular at the origin. Nonlocal potentials can also be considered within the proposed approach. Work on all these generalizations is under way. TABLES   TABLE I . The zeros k 0 of the Jost function in the complex k-plane and the energies E 0 and widths Γ of the S-wave resonances for the potential V 1 (r) with (z = −1) and without (z = 0) the Coulomb term. FIGURES P P P P P P P P P P P P P P P P P P P P P P P s Table I . The dividing line corresponds to the rotation angle θ = 0.1π.
